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play an important role in seismology, earthquake engineering, soil dynamics, geophysics, and dynamic
foundation theory. This paper presents a physical method for obtaining the dynamic Green’s functions
of a two-phase saturated medium for materials considered to be isotropic and for low frequencies. First,
the pore-ﬂuid pressure in a two-phase saturated medium is divided into two parts: ﬂow pressure and
deformation pressure. Next, based on the compatibility condition of Biot’s equation and the property
of the d-function, the problem of coupled_fast and slow dilational waves is solved using the decomposi-
tion condition of the potential dilation ﬁeld. The Green’s function for a concentrated force is then
obtained by solving Biot’s complex modular equations, and their physical characteristics are discussed.
The behavior of Green’s functions for the solid and ﬂuid phases of a d-impulsive force is investigated, from
which the Green’s functions for a unit Heaviside force are also obtained by time integration. Finally, the
present Green’s functions for a unit Heaviside force are compared with those obtained by a purely math-
ematical method; the two differ in form, but the numerical results are identical. The physical meaning of
the expressions of Green’s functions obtained in this paper is evident. Therefore, the results may beneﬁt
future research on the dynamic responses of a two-phase saturated medium.
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Despite their intricate mathematics, Green’s functions for con-
centrated forces have attracted much interest from geophysicists
(Das and Aki, 1977; Luccio et al., 2005). Note that elastic disloca-
tion theory, based mainly on Green’s functions of the displacement
ﬁeld subjected to a concentrated force, has become an important
part of seismology. Because fractures within the earth, such as
faults, can be idealized as an abrupt displacement of transient
jump in an elastic medium, the theory of elastic dislocation can
be used to study the displacement ﬁeld caused by an earthquake
under given conditions. If the distribution of an elastic displace-
ment ﬁeld is known, then the source causing the ﬁeld can be iden-
tiﬁed by the theory of elastic dislocation (i.e., the dislocation
model). Over the past 50 years, many researchers have contributed
to this ﬁeld of research, including Steketee (1958), Maruyama
(1964), and Ben-Menaham and Singh (1981). Das and Aki (1977)
developed a new model for crack rupture, expressed using Green’s
functions, based on the work of Grifﬁth (1920). In developing these
models, signiﬁcant progress has been made regarding our under-
standing of the propagation and diffraction of stress waves inll rights reserved.cracked solid media (Bouchon, 1990; Geubelle and Rice, 1995;
Madariage et al., 1998; Oreste, 2002; Grimal et al., 2004; Luccio
et al., 2005). However, whether using the cracked model or the dis-
location model of a solid medium, the deformation ﬁeld on the
earth’s surface appears to be stable after the event has been trig-
gered, which is inconsistent with observations.
To overcome this discrepancy, Nur (1972) proposed the Dila-
tion–Drain (DD) model, based on observations of experiments in
which rocks were broken under pressure. Based on the DD model,
Scholz and Sykes (1973) divided the pregnant process of an earth-
quake into four stages: (1) stress increase; (2) many cracks occur
(with volume expanding); (3) water ﬂows into ﬁssures, continu-
ously inducing cleavage formation; and (4) the ambient effective
pressure decreases but pore pressure increases, triggering fracture
and resulting in an earthquake.
The most convincing evidence for the validity of this model is
derived from the 1995 Kobe earthquake in Japan (M7.3), for which
the tomography of seismic wave velocity distribution describes a
large volume of ﬂuid at the hypocentre (Zhao et al., 1996; Mishra
and Zhao, 2003). Therefore, a mathematical seismic model dealing
with a two-phase saturated medium should be considered in order
to simulate the earthquake process (Zhao et al., 2002; Salah and
Zhao, 2004). In this respect, the associated Green’s functions for
two-phase saturated media are appropriate.
Nomenclature
Notation
D bulk modulus of the solid skeleton of a two-phase satu-
rated medium
D1,D2,D3 ﬂexibility coefﬁcients of fast and slow dilational waves,
and distortional wave, respectively
F0 magnitude of external force
G(x/1,x) second-order Green’s function tensor
H(t) Heaviside function
K unit vector of the force acting on a two-phase saturated
medium
ks,kf,kb bulk moduli of the solid phase, ﬂuid phase, and two-
phase medium, respectively
Ka1 ; Ka2 ; Kb wave numbers of the fast and slow dilational
waves, and distortional wave, respectively
m density of pore ﬂuid per unit volume
p ﬂuid pressure
pd,pf deformation pressure and ﬂow pressure, respectively
T time of ﬂuid ﬂowing into or out of the medium
u displacement vector of the solid phase
u displacement ﬁeld component of the solid phase
w average displacement vector of the ﬂuid phase
w average displacement ﬁeld component of the ﬂuid
phase
x coordinates of the ﬁeld point
a,M Biot parameters of a two-phase saturated medium
a0(x) dynamic pore curvature of a two-phase saturated med-
ium
a1,a2 velocities of fast and slow dilational waves
b velocity of the distortional wave
b0 porosity
d Dirac function
dij Kronecker delta
dikm permutation tensor
g viscosity coefﬁcient
k penetration coefﬁcient
kd dynamic penetration coefﬁcient
k,l Lame’s coefﬁcients
k1,k2 contribution coefﬁcients of the fast and slow dilational
waves
kc elastic constant
1 coordinates of the source point
n1,n2 distribution coefﬁcients of the displacement of fast and
slow dilational waves
q mass density of a two-phase medium
qf mass density of a ﬂuid phase medium
v rate of ﬂuid inﬂow into or outﬂow from pores
x frequency
xc cut-off frequency
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reducing the number of dimensions in the computation. The direct
application of Green’s functions to Lamb’s equations produces an
accurate solution by solving the algebraic integral equations for
the dynamic problem. Furthermore, the singular solution of
Green’s functions may satisfy the radiation condition, which auto-
matically reﬂects some features at inﬁnity. When dealing with
problems of inﬁnite space or semi-inﬁnite space, Green’s functions
provide a useful and effective tool for investigating soil dynamics;
they are superior to the ﬁnite element method (FEM), since artiﬁ-
cial boundaries are not required. Aspects of Green’s functions, as
well as the BEM, can be found in the works of Hah et al. (1983),
Dominguez and Abascal (1987), Sen et al. (1985), Karabalis and
Beskos (1987), Tham et al. (1996), Dimitris and Karabalis (1998),
Celebi (2006), and Galvı´ n and Domı´nguez (2007).
The use of Green’s functions is especially effective for solving
problems related to moving loads and soil–structure interactions
(e.g., Bierer and Bode, 2007; Bode et al., 2002). In fact, once the
Green’s function of the governing equations has been attained,
the Dirichlet problems of a material body can be solved regardless
of the boundary conditions. For a speciﬁed group of problems,
Green’s functions can be readily actualized by abstraction and inte-
gration using computational technology (e.g., Object-Oriented Pro-
gramming), as shown by Ding et al. (2004, 2008).
Because saturated soil can be modeled as a two-phase medium
in theory, Green’s functions of a two-phase saturated media can be
comprehensively applied in modelling the dynamics of saturated
soil. In fact, the Green’s functions for the displacement ﬁeld of a
two-phase saturated medium subjected to a concentrated force
have been demanded by researchers and engineers in the ﬁelds
of seismology, seismic engineering, soil mechanics, geophysics,
and dynamic foundation theory. Impulsive Green’s functions can
be integrated into a BEM for predicting responses to earthquakes
and other dynamic loads or effects.
Since Biot (1956) ﬁrst proposed dynamic equations for a two-
phase saturated medium, many studies have sought to obtain the
displacement ﬁeld of a two-phase saturated medium subjected toa concentrated force (Eringen and Sububi, 1975; Cleary, 1977;
Burridge and Vargas, 1979; Norris, 1985; Kontoni and Beskos, 1988;
Kaynia and Banerjee, 1992; Chen, 1994a,b). Among these works,
Norris’s study is of particular interest. Using the property of the
d-function, Norris derived the expressions for Green’s functions
of fast and slow dilational waves as well as distortional waves;
he also discussed various approximate forms of Green’s function
under different conditions, such as low and high frequencies, near
and far ﬁelds, and high and low porosity (Norris, 1985).
Although great advances have been made in terms of Green’s
functions of a single-phase medium, there are still no explicit
and exact Green’s functions for a two-phase saturated medium
subjected to a concentrated force. Philippacopoulos (1987) ob-
tained Green’s functions at a low frequency in cylindrical coordi-
nates, utilizing the orthogonality condition of the coupled eigen
equations; this solution is suitable for the axisymmetric problem
of a semi-inﬁnite-space. Chen (1994a,b) presented a complete
solution, in a purely mathematical style, of Green’s functions for
solid and ﬂuid phases subjected to concentrated forces (or injec-
tion ﬂuid); this solution is important but the expressions are com-
plex, meaning that it is unsuitable for extensive applications.
The present paper shows the complete closed-form of Green’s
functions for a two-phase saturated medium subjected to a con-
centrated force, as obtained by solving the Helmholtz’s equations,
which are the Fourier transform of Biot’s equations for a two-phase
saturated medium with complex moduli (Biot, 1956, 1962; Liu
et al., 1994). The form of Green’s functions on frequency domain
corresponds to the Fourier transform of the D’Alembert solution.
Taking advantage of the compatibility of Biot’s equation and the
generalized property of the d-function, the coupling equations gov-
erning fast and slow dilational wave potentials are solved. Conse-
quently, the solution is provided for Green’s functions of a two-
phase saturated medium in the low-frequency range (x <xc)
(Bonnet, 1987). The behavior of the obtained Green’s functions
under a d impulsive force (or injection ﬂuid) is discussed in detail.
Because Green’s functions for both phases are expressed explicitly,
the dynamic response of saturated soil is easily calculated.
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ﬂuid) is obtained by simple time integration of the solution for
the d-impulse. Using numerical examples, the solution under a unit
Heaviside force (or injection ﬂuid) is compared with the purely
mathematical solutions obtained by Chen (1994b). The two solu-
tions differ in form, but the numerical results are identical. The
physical meaning of the expressions of Green’s functions obtained
in this paper are evident. Hence, they may be of use in future re-
search on the dynamic responses of two-phase saturated media.
2. Dynamic equations
The dynamic equilibrium equations and the constitutive rela-
tion for the total stress rij in a two-phase saturated medium are ex-
pressed as follows (Biot, 1956, 1962):
rij;j þ fi ¼ q€ui þ qf €wi ð1Þ
rij ¼ kuk;kdij þ lðui;j þ uj;iÞ  apdij ð2Þ
where q and qf denote the density of a two-phase saturated med-
ium (the solid–ﬂuid mixture) and the density of the ﬂuid phase
only, respectively; ui is displacement of the solid skeleton in the
ith direction (üi = d2u/dt2); wi is the average displacement of the
ﬂuid relative to the solid in the ith direction (wi = b0(Ui  ui), with
Ui denoting the average displacement of ﬂuid, €wi ¼ d2w=dt2Þ; k
and l are the Lamé coefﬁcients of the solid-phase medium; dij is
the Kronecker delta; p is the ﬂuid pressure; f is the density of body
force; and a is the material parameters introduced by Biot for a two-
phase saturated medium.
The generalized Darcy’s law is invoked to specify the equilib-
rium of the ﬂuid phase (Chen, 1994a,b):
_wi ¼ jðp;i þ qf €ui þm €wiÞ ð3Þ
where j = k/g is the permeability coefﬁcient, in which g and k de-
note the ﬂuid dynamic viscosity and intrinsic permeability of the
solid skeleton, respectively (Chen, 1994a,b). In the case that ks, kf,
and kb are the bulk moduli of the solid, ﬂuid, and two-phase satu-
rated medium, respectively; m is the density of ﬂuid per unit pore
volume,m = qf/b0 (Chen, 1994a); and b0 is the porosity, then we ob-
tain the following (Stoll, 1989):
kc ¼ kb þ ðks  kbÞ2=ðD kbÞ  2l=3 a ¼ ðks  kbÞ=ks
D ¼ ks½1þ ðks=kf  1Þb0
(
ð4Þ
Darcy’s law in Eq. (3) can be expressed as follows (Chen, 1994a,b):
p;i þ qf €ui þm€wi þ
1
j
_wi ¼ 0 ð5Þ
Based on the assumption that the composition pressure is positive
and decomposition pressure is negative, based on works of Biot
(1956, 1962) and Liu et al. (1994), we have
p;i ¼ qf €ui  cðxÞ €wi ð6Þ
where c(x) is the dissipation coefﬁcient introduced from Biot’s
equation. Eq. (7) can be written as
m€wi þ 1j _wi ¼ cðxÞ €wi ð7Þ
The pressure p may be divided into two parts as follows:
p ¼ pd þ pf ð8Þ
where pd is the deformation pressure, which maintains the defor-
mation of a two-phase saturated medium, and pf is the ﬂow pres-sure, which controls ﬂuid ﬂow into or out of pores. Then, from
Biot’s equations (Biot, 1956, 1962), we obtain
pd ¼ aMuk;k Mwk;k ð9Þ
M ¼ k2s =ðD kbÞ ð10Þ
Biot introduced M as a parameter while studying two-phase satu-
rated media. Here, a and M are constants that represent the com-
pressibility coefﬁcients of the soil skeleton and pore ﬂuid,
respectively. Thus, the ﬂow pressure pf can be expressed as
pf ¼ M
Z t2
t1
vdt ð11Þ
where v is the ﬂow rate (Chen, 1994a,b). If unaltered (i.e.,v = const),
there is no distinction between the time derivative of the ﬂow ﬁeld
when the ﬂuid ﬂows into or out of a two-phase saturated medium,
which corresponds to a steady ﬂow case. As a result, Eq. (11) can be
written as
pf ¼ Mvtjt2t1 ¼ MvT ð12Þ
where T is the time that ﬂuid ﬂows into or out of a two-phase sat-
urated medium. The inﬂowing ﬂux is deﬁned as positive; the out-
ﬂowing ﬂux as negative. For outﬂow, Darcy’s law (Chen, 1994a,b)
can be written as
 1
M
_pþ a _uk;k þ _wk;k ¼ v ð13Þ
Accordingly, the dynamic equations of a two-phase saturated med-
ium (Biot, 1956, 1962; Liu et al., 1994) can be obtained as
ðkc þ lÞuj;ij þ lui;jj þ aMwj;ij ¼ q€ui þ qf €wi
aMuj;ij þMwj;ij ¼ qf €ui þ cðxÞ €wi
(
ð14Þ
As given by Stoll (1989) and Liu et al. (1994), we obtain
cðxÞ ¼ a0ðxÞqf =b0 þ gi=ðxkdðxÞÞ ð15Þ
where a0(x) is a coefﬁcient that describes the complexity of pore
ﬂow path; g is the viscosity coefﬁcient; kd(x) is the dynamic per-
meability coefﬁcient; x is the frequency; and i is the unit of an
imaginary number. In the low-frequency range x <xc, where xc
is the cut-off frequency deﬁned as xc = 0.06pkdqf/(g0b) (Bonnet,
1987), c(x) has no relationship with x and becomes a constant c;
kd is simply written as k. For rock and soil, xc  6.28  106/s, which
is suitable for most engineering problems.
Eq. (14) can also be rewritten as
ðkc þ 2lÞuj;ij þ ldikhdhljui;lk þ aMwj;ij ¼ q€ui þ qf €wi
aMuj;ij þMwj;ij ¼ qf €ui þ cðxÞ €wi
(
ð16Þ
where dikm is the permutation tensor.
From Eq. (16), when ui and wi are components of the non-diver-
gence ﬁeld, we can derive the following (Ding et al., 2000):
qf €ui þ cðxÞ€wi ¼ 0
wi ¼ qf ui=cðxÞ
(
ð17Þ
For the irrotational ﬁeld, the components ui andwi can be written as
u1i þ u2i ¼ ui
n1u1i þ n2u2i ¼ wi

ð18Þ
and
nn ¼ kc þ 2l qa2n
 
= qfa
2
n  aM
 
ðn ¼ 1;2Þ ð19Þ
where a1 and a2 are the velocities of fast and slow dilational waves
in a two-phase saturated medium, respectively.
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lowing (Ding et al., 2000):
ðkc þ 2lþ aMn1Þu1j;ij þ ðkc þ 2lþ aMn2Þu2j;ij þ ldikhdhljui;lk
¼
ðqþ qf n1Þ€u1i þ ðqþ qf n2Þ€u2i ðnon curl fieldÞ
q q2f =cðxÞ
 
€uj ðnon divergence fieldÞ
(
ð20Þ
Suppose a concentrated force F = F0g(t)d(r)K, where F0 is the
magnitude, d is the Dirac function, d(r) = d(x  1), Ki is the compo-
nent of a unit force K in the ith direction, and xi and 1i (i = 1,2,3,)
are the respective components of x and 1, the coordinates of the
ﬁeld point and the source point, respectively. Thus, Eq. (20)
becomes
ðkc þ 2lþ aMn1Þu1j;ij þ ðkc þ 2lþ aMn2Þu2j;ij þ ldikhdhljui;lk
aMuj;ij þMwj;ij ¼ qf €ui þ cðxÞ €wi
(

ðqþ qf n1Þ€u1i þ ðqþ qf n2Þ€u2i
ðq q2f =cðxÞÞ€uj
8<
: ¼ F0gðtÞdðrÞK ð21Þ
which can be rewritten as
ðqþ qf n1Þa21u1j;ij þ ðqþ qf n2Þa22u2j;ij þ q q2f =cðxÞ
h i
b2dikhdhljui;lk

ðqþ qf n1Þ€u1i þ ðqþ qf n2Þ€u2i
ðq q2f =cðxÞÞ€uj
(
¼ F0gðtÞdðrÞK ð22Þ
where b is the velocity of the distortional wave. For low frequencies
the Fourier transform of Eq. (22) is
ðqþ qf n1Þa21~u1j;ij þ ðqþ qf n2Þa22~u2j;ij þ q
q2f
c
 !
b2dikhdhlj~ui;lk
þ
ðqþ qf n1Þx2~u1i þ ðqþ qf n2Þx2~u2i
q q2f =c
 
x2~uj
8<
: ¼ F0~gðxÞdðrÞK ð23Þ
in which F0~gðxÞ ¼ FðxÞ is the Fourier transform of F0g(t). For low
frequencies c(x) = c, c is constant.
3. Green’s functions
Note that
dðrÞ  Kj ¼  14p ð1=rÞ;ii  Kj
¼  1
4p
½ð1=rÞj;ij  dikhdhljð1=rÞi;lk  Kj
¼  1
4p
1þ n1
n1  n2
ð1=rÞj;ij 
1þ n2
n1  n2
ð1=rÞj;ij  dikhdhljð1=rÞi;lk
 
 Kj
ð24Þ
where r = [(xi  1i)(xi  1i)]1/2 is the distance between the source
point and the ﬁeld point.
Comparing Eq. (24) with Eq. (23), we ﬁnd that
1þ n1
n1  n2
ð1=rÞj;j
 
and  1þ n2
n1  n2
ð1=rÞj;j
 
are two ﬁeld potentials of the dilational wave in a two-phase satu-
rated medium, caused by solid–ﬂuid interaction. Eq. (24) coincides
with the compatibility of fast and slow dilational waves indicated
by Biot (1956) and examined by Chen (1994a,b). Substituting Eq.
(24) into Eq. (23) yieldsðqþ qf n1Þa21~u1j;ij þ ðqþ qf n2Þa22~u2j;ij þ q
q2f
c
 !
b2dikhdhlj~ui;lk
þ
ðqþ qf n1Þx2~u1i þ ðqþ qf n2Þx2~u2i
ðq q2f =cÞx2~uj
(
¼  F0~gðxÞ
4p
1þ n1
n1  n2
ð1=rÞj;ij 
1þ n2
n1  n2
ð1=rÞi;ij  dikhdhljð1=rÞi;lk
 
 K
ð25Þ
If the Fourier transforms of the D’Alembert solutions of fast and
slow dilational waves and the distortional wave related to Eq. (16)
are Sa1 ; Sa2 , and Sb, respectively, then the solution of Eq. (25) can be
written as
~u ¼ FðxÞ½ðSa1 Þj;ij  ðSa2 Þj;ij  dikhdhljðSbÞi;lk  K ð26Þ
where Sa1 ; Sa2 , and Sb can be determined by
ðSa1 Þ;ii þ K2a1Sa1 ¼ 14pa21ðqþqf n1Þ 
1þn1
n1n2
1
r
ðSa2 Þ;ii þ K2a2Sa2 ¼ 14pa22ðqþqf n2Þ 
1þn2
n1n2
1
r
ðSbÞ;ii þ K2bSb ¼ 1
4pb2 qq2
f
=c
  1
r
8>>><
>>>:
ð27Þ
in which Ka1 ¼ x=a1; Ka2 ¼ x=a2, and Kb =x/b are wave numbers
of the fast and slow dilational waves, and distortional wave, respec-
tively. Eq. (27) is in the form of the Helmholtz equation, with the
following conditions at the origin:
Sa1 ð0;xÞ ¼ 0 Sa2 ð0;xÞ ¼ 0 Sbð0;xÞ ¼ 0 ð28Þ
Thus, integration of Eq. (27) yields
Sa1 ¼ 14px2 ðð1 eiKa1 rÞ=rÞ  1qþqf n1 
1þn1
n1n2
Sa2 ¼ 14px2 ðð1 eiKa2 rÞ=rÞ  1qþqf n2 
1þn2
n1n2
Sb ¼ 14px2 ðð1 eiKbrÞ=rÞ  1qq2
f
=c
8>><
>>:
ð29Þ
Since ðeiKcr=rÞ;ii þ K2c ðeiKcr=rÞ ¼ 4pdðrÞ, the following expression
is obtained:
~u ¼  FðxÞ
4px2
k1
qþ qf n1
(
ðeiKa1r=rÞj;ij 
k2
qþ qf n2
ðeiKa2r=rÞj;ij
 1
q q2f =c
dikhdhljðeiKbr=rÞi;lk
)
 K ¼ FðxÞGijðx=1;xÞ  K ð30Þ
We deﬁne Gij(x/1,x) to be the second-order tensor of the Green’s
function in the Fourier transform domain and
Gijðx=1;xÞ ¼  14px2
k1
qþ qf n1
ðeiKa1r=rÞj;ij
(
 k2
qþ qf n2
ðeiKa2r=rÞj;ij
 1
q q2f =c
dikhdhljðeiKbr=rÞi;lk
)
ð31Þ
where k1 = (1 + n1)/(n1  n2) and k2 = (1 + n2)/(n1  n2).
When qf = 0, Eq. (30) gives a decayed displacement for the prob-
lem of a single-phase medium, yielding
~u ¼  FðxÞ
4px2q
fðeiKa1r=rÞj;ij  dikhdhljðeiKbr=rÞi;lkg  K ð32Þ
with the following Green’s function:
Gijðx=1;xÞ ¼  14px2q fðe
iKa1r=rÞj;ij  dikhdhljðeiKbr=rÞi;lkg ð33Þ
From Eqs. (17), (18), and (25), when subjected to a concentrated
force, the displacements of the solid and ﬂuid in a two-phase sat-
urated medium due to fast and slow dilational waves can be ex-
pressed by Eqs. (34)–(37), respectively:
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1
4px2
ðeiKa1r=rÞ
 
j;ij
 Ki ð34Þ
 ~u2i ¼ k2qþ qf n2
1
4px2
ðeiKa2r=rÞ
 
j;ij
 Ki ð35Þ
~w1i ¼ n1~u1i ¼
k1n1
qþ qf n1
1
4px2
ðeiKa1r=rÞ
 
j;ij
 Ki ð36Þ
 ~w2i ¼ n2~u2i ¼
k1n2
qþ qf n1
1
4px2
ðeiKa2r=rÞ
 
j;ij
 Ki ð37Þ
The displacement corresponding to the distortional wave in the
solid phase is
~uj ¼ 1q q2f =c
dikhdhlj
1
4px2
ðeiKbr=rÞ
 
i;lk
 Kj ð38Þ
Let
u1i ¼
k1
qþ qf n1
FðxÞ
4px2
ðeiKa1r=rÞ
 
j;i
ð39Þ
u2i ¼ 
k2
qþ qf n2
FðxÞ
4px2
ðeiKa2r=rÞ
 
j;i
ð40Þ
wi ¼ 
1
q q2f =c
dikh
FðxÞ
4px2
ðeiKbr=rÞ
 
k;h
ð41Þ
The displacements in an inﬁnite two-phase saturated medium can
be expressed as
~u ¼ Gijðx=1;xÞ  K ¼ ðu1i;j þu2i;j þ djkiwi;kÞ  K ð42Þ
Note that (dmnu),i = u,i and dkil (dmnu)i,l = dklm(u,i)ldmn. The Green’s
function in the time-domain can be obtained using the inverse Fou-
rier transformation (Eringen and Sububi, 1975), as follows:
Gijðx=1; tÞ ¼ 14p
1
r
r;ir;j

k1
qþ qf n1
"
1
a21
gðt  r=a1Þ
 1
q q2f =c
1
b2
gðt  r=bÞ  k2
qþ qf n2
1
a22
gðt  r=a2Þ
#
þ 1
q q2f =c
1
b2r
gðt  r=bÞdij
þ ð1=rÞ;ij 
k1
qþ qf n1
Z r=a1
0
gðt  sÞsds
"
 1
q q2f =c
Z r=b
0
gðt  sÞsds
 k2
qþ qf n2
Z r=a2
0
gðt  sÞsds
#)
ð43ÞFig. 1. The impulse of G from Eq. (45).3.1. Impulse solution of the Green’s function in the solid phase
If g(t) = d(t) in Eq. (43), we can obtain the following Green’s
function for displacement:
Gij ¼ 14p
1
r
xi  fi
r
xj  fj
r
k1
qþ qf n1
1
a21
dðt  r=a1Þ
"(
 k2
qþ qf n2
1
a22
dðt  r=a2Þ 1q q2f =c
1
b2
dðt  r=bÞ
#
þ dij
q q2f =c
1
b2r
dðt  r=bÞ þ  1
r3
þ 3 ðxi  fiÞðxj  fjÞ
r5
 
 k1
qþ qf n1
tHðt  r=a1Þ  k2qþ qf n2
tHðt  r=a2Þ
"
 1
q q2f =c
tHðt  r=bÞ
#)
ð44ÞFor simplicity, the following notation is used:
D1 ¼ 1=ðqþ qf n1Þa21; D2 ¼ 1=ðqþ qf n2Þa22;
D3 ¼ 1=ðq q2f =cÞb2
which represents the ﬂexibility coefﬁcients of fast and slow dila-
tional waves, and the distortional wave, respectively. Replacing
xi  fi with xi, we can rewrite Eq. (44) as
Gij ¼ 14p
xixj
r3
k1D1d t  ra1
	 

 k2D2d t  ra2
	 

 D3d t  rb
	 

þ D3 dijr d t 
r
b
	 

þ  1
r3
þ 3 xixj
r5
	 

 a21k1D1tH t 
r
a1
	 

 a22k2D2tH t 
r
a2
	 

 b2D3tH t  rb
	 
 
ð45Þ
To obtain Green’s functions, Chen (1994a,b) used a Laplace trans-
form of the dynamic equations and properties of the solution of dif-
ferential equations with a non-homogeneous term of the d function
(the solution of the differential equation is continuous and its ﬁrst-
order derivative is discontinuous). These Green’s functions are ex-
pressed in terms of non-dimensional parameters. Both the solid
and ﬂuid phases of a two-phase saturated medium are subjected
to a concentrated Heaviside action (Chen, 1994b). For numerical
comparison, these non-dimensional parameters are k ¼ 0:1715;
l ¼ 0:3007; j ¼ 1:0; q ¼ 1:0; qf ¼ 0:4325; a ¼ 0:779; m ¼
2:3006, and Q⁄ = 0.3742 (M⁄ = 0.3742) in Eq. (45). The results for a
concentrated impulsive force are shown in Figs. 1–6. Here,
c⁄ = 0.851e1.034i and n1 ¼ 0:1548; n2 ¼ 1:0076; k1 ¼ 0:991, and
k2 ¼ 0:009; n1 and n2 are the non-dimensional parameters of n1
and n2, respectively; and k

1 and k

2 are the non-dimensional param-
eters of k1 and k2, respectively. c⁄ is the non-dimensional parameter
of c.
3.2. The impulse solution of Green’s functions in the ﬂuid phase
(1) G4i(x/1, t)
G4i(x/1, t) is deﬁned as the pore pressure at the ﬁeld point x
due to a unit concentrated impulsive force d(t) acting at the
source point 1 in the ith direction (Chen, 1994a). The corre-
sponding displacement is uj = GijKi, with xi  fi being denoted
as xi for simplicity. From Eq. (45), we obtain11
Fig. 4. The impulse of G22 from Eq. (45).
Fig. 5. The impulse of G23 from Eq. (45).
Fig. 6. The impulse of G33 from Eq. (45).
Fig. 2. The impulse of G12 from Eq. (45).
Fig. 3. The impulse of G13 from Eq. (45).
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xixj
r3
k1D1d t  ra1
	 

 k2D2d t  ra2
	 

D3d t  rb
	 

þ D3 dijr d t 
r
b
	 

þ 3 xixj
r5
 1
r3
dij
	 

 a21k1D1
Z r=a1
0
dðt  sÞsds

a22k2D2
Z r=a2
0
dðt  sÞsds
b2D3
Z r=b
0
dðt  sÞsds

¼ 1
4p
xixj
r3
k1D1d t  ra1
	 

 k2D2d t  ra2
	 

D3d t  rb
	 

þ D3 dijr d t 
r
b
	 

þ 3 xixj
r5
 1
r3
dij
	 

a21k1D1tH t 
r
a1
	 

 a22k2D2tH t 
r
a2
	 

 b2D3tHðt  rbÞ

ð46Þ
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Thus, we havewj ¼ 14p
xixj
r3
n1k1D1d t 
r
a1
	 

 n2k2D2d t 
r
a2
	 
 
þ 3 xixj
r5
 1
r3
dij
	 

 a21n1k1D1tHðt 
r
a1
Þ

 a22n2k2D2tH t 
r
a2
	 

ð47ÞThere is no displacement in the ﬂuid phase for the distortional
wave. The corresponding divergence can be obtained asuk;k ¼  k1D14p
xi
r3
d t  r
a1
	 

þ k2D2
4p
xi
r3
d t  r
a2
	 

 k1D1
4pa1
xi
r2
@
@r
d t  r
a1
	 

þ k2D2
4pa2
xi
r2
@
@r
d t  r
a2
	 

¼  k1D1
4p
xi
r3
d t  r
a1
	 

þ k2D2
4p
xi
r3
d t  r
a2
	 

 k1D1
4pa1
xi
r2
_d t  r
a1
	 

þ k2D2
4pa2
xi
r2
_d t  r
a2
	 

ð48ÞThe last two terms on the right-hand side of Eq. (48) are referred to
as the property of the d function. Similarly, from Eq. (47) we
obtainwk;k ¼ n1
k1D1
4p
xi
r3
d t  r
a1
	 

þ n2
k2D2
4p
xi
r3
d t  r
a2
	 

 n1
k1D1
4pa1
xi
r2
_d t  r
a1
	 

þ n2
k2D2
4pa2
xi
r2
_d t  r
a2
	 

ð49ÞNote that p = pd + pf andpd = aMuk,k Mwk,k in Eqs. (8) and (9). The
divergence of ﬂuid displacement is the ﬂux into or out of a two-
phase saturated medium. In the case that a unit concentrated
impulsive force is d(t), the equation of this ﬂux can be derived as fol-
lows: Z t2v ¼ lim
Dt!1
1
Dt t1
_wk;kdt ¼ lim
Dt!1
1
Dt
wk;kjt2t1 ¼ limDt!1
1
Dt
wk;ksds
¼ lim
Dt!1
1
Dt
n1
k1D1
4p
xi
r3
d t  r
a1
	 

þ n2
k2D2
4p
xi
r3
d t  r
a2
	 

n1
k1D1
4pa1
xi
r2
_d t  r
a1
	 

þ n2
k2D2
4pa2
xi
r2
_d t  r
a2
	 

sds
¼ n1
k1D1
4p
xi
r3
d t  r
a1
	 

þ n2
k2D2
4p
xi
r3
d t  r
a2
	 

 n1
k1D1
4pa1
xi
r2
_d t  r
a1
	 

þ n2
k2D2
4pa2
xi
r2
_d t  r
a2
	 

ð50Þwhere limx?1sds/Dt = 1. From Eq. (50), we obtainpf ¼ Mv
Z t2
t1
dt ¼ Mwk;k
Z t2
t1
dt
¼ M n1
k1D1
4p
xi
r3
d t  r
a1
	 

 n2
k2D2
4p
xi
r3
d t  r
a2
	 

þ n1
k1D1
4pa1
xi
r2
_d t  r
a1
	 

 n2
k2D2
4pa2
xi
r2
_d t  r
a2
	 
Z t2
t1
dt
¼ M n1
k1D1
4p

xi
r3
d t  r
a1
	 

 n2
k2D2
4p
xi
r3
d t  r
a2
	 

þ n1
k1D1
4pa1
xi
r2
_d t  r
a1
	 

 n2
k2D2
4pa2
xi
r2
_dðt  r
a2
Þ

T ð51Þwhere T = t2  t1, t1 = r/a1, and t2 = r/a2. Eq. (51) is the expression for
ﬂow pressure at the ﬁeld point x due to a unit concentrated
impulsive force d(t) in the ith direction at the source point 1;
hence,P ¼ Mk1ðaþ n1Þ
D1
4p
xi
r3
d t  r
a1
	 

Mk2ðaþ n2Þ
D2
4p
xi
r3
d t  r
a2
	 

þMk1ðaþ n1Þ
D1
4pa1
xi
r2
_d t  r
a1
	 

Mk2ðaþ n2Þ
D2
4pa2
xi
r2
_d t  r
a2
	 

M k1n1
D1
4p

xi
r3
d t  r
a1
	 

 k2n2
D2
4p
xi
r3
d t  r
a2
	 

þ k1n1
D1
4pa1
xi
r2
_d t  r
a1
	 

 k2n2
D2
4pa2
xi
r2
_d t  r
a2
	 

T
þ C1d t  ra2
	 

þ C2 _d t  ra2
	 

ð52Þwhere C1 and C2 are complementary integral constants to Eq. (51),
which are determined later. The right-hand side of Eq. (52) includes
four parts: the ﬁrst part describes the deformation pressure, the
second corresponds to the ﬂow pressure, and the last two parts
(C1 and C2) revert the pore pressure to its primal value after passing
of the slow dilational wave P2. Thus, we haveG4iðx=1;xÞ ¼ Mk1ðaþ n1  n1TÞ
D1
4p
xi
r3
d t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4p
xi
r3
d t  r
a2
	 

þMk1ðaþ n1  n1TÞ
D1
4pa1
xi
r2
_d t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4pa2
xi
r2
_d t  r
a2
	 

þ C1d t  ra2
	 

þ C2 _d t  ra2
	 

ð53Þ(2) Gi4(x/1, t)
Gi4(x/1, t) is deﬁned as the displacement at the ﬁeld point x
in the ith direction due to the injection of a unit volume of
ﬂuid impulse into the pore at the source point (Chen,
1994a,b). This can be expressed asGi4 ¼
Z t
0
G4ids ¼
Z t
0
Pids ð54ÞThus, we haveGi4 ¼ Mk1ðaþ n1  n1TÞ
D1
4p
xi
r3
Z t
0
d s r
a1
	 

ds
Mk2ðaþ n2  n2TÞ
D2
4p
xi
r3
Z t
0
d s r
a2
	 

ds
þMk1ðaþ n1  n1TÞ
D1
4pa1
xi
r2
Z t
0
_d s r
a1
	 

ds
Mk2ðaþ n2  n2TÞ
D2
4pa2
xi
r2
Z t
0
_d s r
a2
	 

ds
þ C1
Z t
0
d s r
a2
	 

dsþ C2
Z t
0
_d s r
a2
	 

ds
¼ Mk1ðaþ n1  n1TÞ
D1
4p
xi
r3
H t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4p
xi
r3
H
 
t  r
a2
!
þMk1ðaþ n1  n1TÞ
D1
4pa1
xi
r2
d t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4pa2
xi
r2
d t  r
a2
	 

þ C1H t  ra2
	 

þ C2d t  ra2
	 

ð55Þ
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phase saturated medium becomes zero. Therefore, the boundary
condition isGi4jt>r=a2 ¼ 0 ð56Þ
Substituting Eq. (55) into (56) yieldsC1 ¼ M k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
xi
r3
C2 ¼ Ma2 k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
xi
r2
ð57Þ
Thus, we obtainFig. 7. The impulse of G4i from Eq. (58).G4iðx=1; tÞ ¼ Mk1ðaþ n1  n1TÞ
D1
4p
xi
r3
d t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4p
xi
r3
d t  r
a2
	 

þMk1ðaþ n1  n1TÞ
D1
4pa1
xi
r2
_d t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4pa2
xi
r2
_d t  r
a2
	 

M k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 xi
r3
d t  r
a2
	 

 M
a2
k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 xi
r2
_d t  r
a2
	 

ð58ÞandFig. 8. The impulse of G14 from Eq. (59).Gi4 ¼ Mk1ðaþ n1  n1TÞ
D1
4p
xi
r3
H t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4p
xi
r3
H t  r
a2
	 

þMk1ðaþ n1  n1TÞ
D1
4pa1
xi
r2
d t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4pa2
xi
r2
d t  r
a2
	 

M k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 xi
r3
H t  r
a2
	 

 M
a2
k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 xi
r2
d t  r
a2
	 

ð59ÞThe results of G4i(x/1, t) are shown in Fig. 7, G41, G42, and G43 are the
same as shown in Eq. (53). Fig. 7 shows only two impulses. The im-
pulse curves due to the d- and _d-impulses are superimposed in Fig. 7
for t2P r/a2 (one impulse curve at t2 = r/a2). Only one impulse
curve is presented in the ﬁgure showing G4i(x/1, t) due to the im-
pulse for r/a1 6 t2 < r/a2. The results obtained for Gi4 (x/1, t) are
shown in Figs. 8–10.
(3) G44(x/1, t)
Chen (1994b) deﬁned G44(x/1, t) as the pore-ﬂuid pressure at
the ﬁeld point x due to the injection of a unit volume ﬂuid
impulse into the pore at the source point 1. In particular,
Gi4(x/1, t) can be interpreted as the displacement in the ith
direction at the ﬁeld point x caused by the injection of a unitvolume ﬂuid impulse at the source point 1; hence, ui
= Gi4P = Gi4. The expression is written asui ¼ Mk1ðaþ n1  n1TÞ
D1
4p
xi
r3
H t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4p
xi
r3
H t  r
a2
	 

þMk1ðaþ n1  n1TÞ
D1
4pa1
xi
r2
d t  r
a1
	 

Mk2ðaþ n2  n2TÞ
D2
4pa2
xi
r2
d t  r
a2
	 

M k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 xi
r3
H t  r
a2
	 

 M
a2
k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 xi
r2
d t  r
a2
	 

ð60Þ
Fig. 10. The impulse of G34 from Eq. (59).
Fig. 9. The impulse of G24 from Eq. (59).
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D1
4p
xi
r3
H t  r
a1
	 

 n2Mk2ðaþ n2  n2TÞ
D2
4p
xi
r3
H t  r
a2
	 

þ n1Mk1ðaþ n1  n1TÞ
D1
4pa1
xi
r2
d t  r
a1
	 

 n2Mk2ðaþ n2  n2TÞ
D2
4pa2
xi
r2
d t  r
a2
	 

Mn2 k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 xi
r3
H t  r
a2
	 

 M
a2
n2 k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 xi
r2
d t  r
a2
	 

ð61ÞThe coefﬁcient of the last term in Eq. (61) is n2, which corresponds
to the effect of a slow dilational wave. Thus, we obtainuk;k ¼ Mk1ðaþ n1  n1TÞ
D1
4pa21
1
r
_d t  r
a1
	 

þMk2ðaþ n2  n2TÞ
D1
4pa22
1
r
_d t  r
a2
	 

þ M
a22
k1ðaþ n1  n1TÞ
D1
4p
 k2ðaþ n2  n2TÞ
D2
4p
 
 1
r
_d t  r
a2
	 

ð62Þ
wk;k ¼ Mk1n1ðaþ n1  n1TÞ
D1
4pa21
1
r
_d t  r
a1
	 

þMk2n2ðaþ n2  n2TÞ
D2
4pa22
1
r
_d t  r
a2
	 

þ M
a22
n2 k1ðaþ n1  n1TÞ
D1
4p k2ðaþ n2  n2TÞ
D2
4p
 
 1
r
_d t  r
a2
	 

a ð63Þ
Pd ¼ aMuk;k Mwk;k
¼ k1M2ðaþ n1Þ2
D1
4pa21
1
r
_dðt  r
a1
Þ
 k2M2ðaþ n2Þ2 D24pa22
1
r
_d t  r
a2
	 

M2k1n1ðaþ n1ÞT
D1
4pa21
1
r
_d t  r
a1
	 

þM2k2n2ðaþ n2ÞT
D2
4pa22
1
r
_d t  r
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M
2
a22
ðaþ n2Þ k1ðaþ n1  n1TÞ
D1
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D2
4p
 
 1
r
_d t  r
a2
	 

ð64ÞThe ﬂux due to a point source has spherical symmetry with respect
to the source point. Hence, when the ﬂuid of the unit volume is
injected into the pore at the source point, the ﬂux of the unit area
at the ﬁeld point with distance r from the source point is 1/4pr2.
In fact, the ﬂow pressure in the case of dilational wave propagation
isPf ¼ MdðtÞ4pr2 T ¼
MdðtÞ
4pr2
r
a2
 r
a1
	 

¼ MdðtÞ
4pr
1
a2
 1
a1
	 

ð65ÞandG44 ¼ k1M2ðaþ n1Þ2
D1
4pa21
1
r
_d t  r
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 k2M2ðaþ n2Þ2
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4pa22
1
r
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M2k1n1ðaþ n1ÞT
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1
r
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þM2k2n2ðaþ n2ÞT
D2
4pa22
1
r
_d t  r
a2
	 

M
2
a22
ðaþ n2Þ k1ðaþ n1  n1TÞ
D1
4p

 k2ðaþ n2  n2TÞ
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4p

1
r
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þMdðt  r=a2Þ
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1
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ð66ÞThe results calculated for G44 are shown in Fig. 11.
Fig. 12. Result of G11 (real line) from Eq. (69) compared with Chen (1994b).
Fig. 11. The impulse of G44 from Eq. (66).
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The Green’s function of a two-phase saturated medium sub-
jected to a concentrated impulsive force is a second-order
tensor of four dimensions:G ¼
G11 G12 G13 G14
G21 G22 G23 G24
G31 G32 G33 G34
G41 G42 G43 G44
2
6664
3
7775 ð67Þ
This is an asymmetric matrix. In particular, the components
G4i correspond to the ﬂuid pressure caused by the excitation
of a unit concentrated impulsive force applied to the med-
ium; and Gi4 or G44 are the displacements or ﬂuid pressure
caused by the injection of a unit impulsive volume ﬂuid into
the pore, respectively. The complementary minor c44 of the
Green’s function tensor for the solid displacement ﬁeld is a
symmetric 3  3 tensor (or a sub-matrix), as follows:
c44 ¼
G11 G12 G13
G21 G22 G23
G31 G32 G33
2
64
3
75 ð68Þ4. Comparison with the results of Chen (1994b)
Chen (1994b) obtained the expressions of Green’s functions
subjected to a concentrated Heaviside force (or injection ﬂuid)
using a Laplace transform and the properties of the solution of
an equation with a d non-homogeneous term. Chen’s method is
mathematically rigorous, but the physical interpretation is evident
from the results obtained in the present study. Because Chen’s
solution is expressed in terms of complex Bessel functions, it’s
form is different to that in the present solution. However, the
numerical results calculated by the two methods are identical for
the same problems.
The Green’s functions Gij(x/1, t) developed in this paper, as
shown in Eqs. (44), (58), (59), and (66), are for a unit concentrated
impulsive force acting on the solid phase or for an impulsive unit
volume ﬂuid injected into the pore. In contrast, Chen’s results are
for a unit Heaviside force H(t) or for an injection of a Heaviside type
of unit volume ﬂuid. To enable a comparison with Chen’s results,
Eqs. (44), (58), (59), and (66) must be integrated with respect to
time in order to obtain the results for a Heaviside excitation.4.1. Comparison of Gij(x/1, t) with the results of Chen (1994b)
Time integration of Eq. (44) yields the following:
Gij ¼ 14p
xixj
r3
k1D1H t  ra1
	 

 k2D2H t  ra2
	 

 D3H t  rb
	 
 
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Þ
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2  r
2
b2
Þ

ð69Þ
A comparison with Chen’s results is shown in Figs. 12–17. The
parameters used in the calculation are taken from Chen (1994b)
and are given in Section 3.1. If the difference dissipation factor c
(x) is ignored, the ﬁgures show a good agreement (the difference
dissipation factor in the present study is constant).
4.2. Comparison of G4i(x/1, t) with the results of Chen (1994b)
The integration of Eq. (58) yields
G4i ¼ Mk1ðaþ n1  n1TÞ
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4p
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ð70Þ
Regarding the impulsive force, the ﬁrst four terms on the right-hand
side of Eq. (70) give the deformation pressure and the ﬂow pressure,
while the last two items give the pore pressure reverted to its pri-
mal value after passing of the slow dilational wave P2. The compar-
ison is shown in Figs. 18–20; again, good agreement is observed
between the two methods.
Fig. 16. Result of G12 (real line) from Eq. (69) compared with Chen (1994b).
Fig. 17. Result of G13 (real line) from Eq. (69) compared with Chen (1994b).Fig. 14. Result of G33 (real line) from Eq. (69) compared with Chen (1994b).
Fig. 15. Result of G23 (real line) from Eq. (69) compared with Chen (1994b).
Fig. 13. Result of G22 (real line) from Eq. (69) compared with Chen (1994b).
Fig. 18. Result of G41 (real line) from Eq. (70) compared with Chen (1994b).
2298 B. Ding, J. Yuan / International Journal of Solids and Structures 48 (2011) 2288–2303
Fig. 20. Result of G43 (real line) from Eq. (70) compared with Chen (1994b).
Fig. 21. Result of G (real line) from Eq. (73) compared with Chen (1994b).
Fig. 19. Result of G42 (real line) from Eq. (70) compared with Chen (1994b).
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Similar to G4i(x/1, t) subjected to a concentrated d-force, the
time integration of Eq. (58) is equal to Gi4 subjected to a concen-
trated Heaviside force. The result is as follows:
Gi4 ¼ Mk1ðaþ n1  n1TÞ
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Gi4ðx=1; tÞjt¼r=a2 ¼ M k2ðaþ n2Þ
D2
4p
xj
r3
Hðt  r
a2
Þ

þ k2n2
D2
4pa2
xj
r2
Hðt  r
a2
Þ

r
a2
ð72Þ
To satisfy the boundary condition, we set
C3 ¼ Mk2n2
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Thus, we have
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The last two items of Eq. (73) express the reverted pore pressure
after arrival of the P2 wave, caused by the injection of a unit Heav-
iside volume ﬂuid into the pore. Note that Eq. (73) can also be at-
tained by integrating Eq. (70) with respect to time. A comparison
of the present results with Chen’s (1994b) solution is shown in Figs.
21–23, revealing good agreement.
4.4. Comparison of G44(x/1, t) with the results of Chen (1994b)
G44 due to the injection of a unit Heaviside ﬂuid into the pore at
the source point can be obtained by integrating Eq. (66) as follows:14
Fig. 23. Result of G34 (real line) from Eq. (73) compared with Chen (1994b).
Fig. 24. Result of G44 (real line) from Eq. (74) compared with Chen (1994b).Fig. 22. Result of G24 (real line) from Eq. (73) compared with Chen (1994b).
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The last two terms on the right-hand side of Eq. (74) are constants,
corresponding to the residual pore pressure. A comparison between
result of Eq. (74) and the results of Chen (1994b) is shown in Fig. 24.Note that G44 can also be obtained from the following formula:
G44 ¼ aM
Z t
0
uk;kdsM
Z t
0
wk;kdsþ 14pr2 Mwk;k
Z r=a2
r=a1
sdðsÞds
ð75Þ
where the third item on the right-hand side is the ﬂow pressure.
The correspondence of the numerical results obtained by the
two methods indicates that the Green’s functions of a two-phase
saturated medium subjected to a concentrated force (or injection
ﬂuid), as developed in this paper, are valid, but with a simpler form
and a clearer physical meaning in the expressions, as shown in Eqs.
(44), (58), (59), and (66) for a concentrated impulsive force (or
injection ﬂuid) and in Eqs. (69), (70), (73), and (74) for a concen-
trated Heaviside force (or injection ﬂuid) H (t). The expressions
developed in the present study will beneﬁt future research on
the dynamic response of a two-phase saturated medium.5. Discussion
5.1. Validation
The above analysis is conﬁned to low frequencies for isotropic
materials, for which c(x) is a constant. In the high-frequency
range, c(x) is a function that depends onx, and Eq. (22) is no long-
er valid. To use the present Green’s functions, the condition of
x <xc should be satisﬁed.
5.2. Decoupling
The difﬁculty involved in solving Biot’s dynamic equations, as
given by Eq. (1), lies in the coupling between the fast and slow dila-
tional waves. By introducing n1, n2 decoupling is achieved, the cou-
pling is disassembled, and the solutions of Eq. (1) are obtained. In
fact, which is the condition of mechanical compatibility for Biot’s
equation (1956) related to a two-phase saturated medium. The
same revelation was arrived at in the purely mathematical compu-
tation performed by Chen (1994a,b), who showed that propagation
of the slow wave (P2) is controlled by the ﬂuid and solid phase dil-
atations, which are 180 out of phase relative to those of the fast
wave (P1). The contributions of the fast and slow dilational waves,
and distortional waves to the amplitudes of Green’s functions are
(1 + n1)/(n1  n2), (1 + n2)/(n1  n2), and 1, respectively, in the
frequency domain when a two-phase saturated medium is
Fig. 25. Comparison of G11 from Eq. (69) at arbitrary ﬁeld point (result of Chen is
virtual line).
Fig. 26. Comparison of G22 from Eq. (69) at arbitrary ﬁeld point (result of Chen is
virtual line).
Fig. 27. Comparison of G33 from Eq. (69) at an arbitrary ﬁeld point (result of Chen is
virtual line).
Fig. 28. Comparison of G23 from Eq. (69) at an arbitrary ﬁeld point (result of Chen is
virtual line).
Fig. 29. Comparison of G41 from Eq. (69) at an arbitrary ﬁeld point (result of Chen is
virtual line).
Fig. 30. Comparison of G42 from Eq. (70) at an arbitrary ﬁeld point (result of Chen is
virtual line).
B. Ding, J. Yuan / International Journal of Solids and Structures 48 (2011) 2288–2303 2301
Fig. 31. Comparison of G14 from Eq. (73) at an arbitrary ﬁeld point (result of Chen is
virtual line).
Fig. 32. Comparison of G24 from Eq. (73) at an arbitrary ﬁeld point (result of Chen is
virtual line).
Fig. 33. Comparison of G34 from Eq. (73) at an arbitrary ﬁeld point (result of Chen is
virtual line).
Fig. 34. Comparison of G44 from Eq. (74) at an arbitrary ﬁeld point (result of Chen is
virtual line).
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tween the fast and slow dilational waves is
½ð1þ n1Þ=ðn1  n2Þ=½ð1þ n2Þ=ðn1  n2Þ ¼ ð1þ n1Þ=ð1þ n2Þ
The above formula was proven by Philippacopoulos (1987) and
Philippacopoulos (1988) for the axisymmetric problem of a two-
phase saturated medium subjected to a unit concentrated force.
5.3. Stability
Figs. 25–34, compare the results obtained in this paper with the
results of Chen (1994b) when the ﬁeld point (0.1,0.15,0.2) is
changed to point (0.2,0.18,0.23). The comparison results (and
those obtained for other ﬁeld points, although not shown here)
indicate that calculations based on the present Green’s functions
are stable; hence, they can be widely applied in solving practical
problems.6. Conclusion
For the Green’s functions of the displacement ﬁeld for the solid
and ﬂuid phases of a two-phase saturated medium, a comparison
between the present results and those of Chen (1994b) revealed
the following conclusions. The solutions of Green’s functions with
a concentrated force (or injection ﬂuid) of d or H, as provided in this
paper, are valid. The solutions may be used effectively as kernal
functions of the time domain boundary element method (BEM)
in Lamb’s representative integration equation. The forms of the
Green’s function presented in this paper are more concise than
those reported previously. Therefore, they may beneﬁt future re-
search on the dynamic response of a two-phase saturated medium.
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